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This paper deals with a technique for the integrated optimization of structure and control in the design of
flexible spacecraft and other flexible systems. This current approach uses the concept of response to dynamic
constraints to establish tradeoffs between control energy and structural mass. This approach gives a concise
variational methodology to total system optimization and eliminates the need to specify rather arbitrary trade-
offs between control energy and structural mass. Results give an explicit dependency between structural stiffness
(hence mass), disturbance magnitude, control energy available, and deflection constraints. For the special case
of linear controls and quadratic constraints the problem reduces to a standard linear quadratic regulator problem
plus a structure optimization. The method is general, however, and can be extended to more general problems
such as output feedback, nonlinear controls, and slew optimization.

I. Introduction

T HE interaction between the control system design and the
structure design for a large space structure (LSS) has been

a primary focal point of research for a number of years. While
the LSS structure/control design problem has had the primary
focus, the same problems have appeared for many years in
aircraft systems. These aircraft problems also have become
more severe in recent years due to the increasing complexity of
missions, the need for weight reduction, and expanded flight
envelopes producing a wider range of dynamic pressures.

In this paper we address the problem of an integrated
control/structure design optimization. Early papers raising the
question of simultaneous structure and control design ap-
peared in the literature around 1983.1'3 Since then, there have
been a number of other authors who have contributed to this
work.4"19 In a traditional design approach, the structure and
control system are designed separately. The structure is cho-
sen, for example, to minimize the total mass subject to various
open-loop constraints (deflections under load, frequency,
etc.). The controller is then designed in some optimal fashion,
perhaps as a linear quadratic Gaussian (LQG) regulator, sub-
ject to constraints on allowable control effort and responses
and on closed-loop frequencies and damping ratios. The ob-
jective to be minimized in the control design would be a quad-
ratic form of the type

[xTAx+uTBu]dt or ]imE[xTAx+uTBu] (1)
o '-08

One common approach to the simultaneous structure/con-
trol optimization is to minimize the weighted sum of the total
mass and the preceding quadratic form, subject to all of
the structural and control constraints. That is, define the ob-
jective as

(2)2- [xTAx+uTBu]dt
2 Jo
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where the structural parameters are arranged as a vector p.
There are a number of authors who formulate the integrated
structure/control design optimization using this approach.
Salama et al.,6 Messac et al.,7 Miller and Shim,8 and Onoda
and Haftka9 are members of this group. In addition, these
authors simplify the problem by assuming that, for any fixed
parameter vector p, the optimal constant control gain matrix
is given by the well-known linear quadratic regulator (LQR)
solution. Then Eq. (2) reduces to

J(p) = (3)

where Pss is the steady-state solution to the appropriate Riccati
matrix equation, and x0(p) is the initial state vector. This
significantly reduces the magnitude of the optimization prob-
lem since the control gains are no longer included as explicit
design variables, which results in a significant computational
savings.

As noted by Hale and Lisowski,11 one of the major problems
in control/structure optimization is the difficulty in assigning
a meaningful tradeoff between the structural deflection vs the
penalty on the control energy. (A similar problem exists in the
optimal control problem in the choice of state and control
weighting matrices A and B. This is exacerbated in the inte-
grated design problem since the structural parameters are also
varied.) Additionally, we must also assign a relative weight to
the structural mass part of the objective Eq. (2) vs the control
part of Eq. (2); i.e., we must assign values to a\ and a2 in
Eq. (2). Present methods rely more on intuition and heuristics
to choose these weights than on any formalized algorithm.

In Ref. 11, the authors use the total maneuver control cost
as the objective to be minimized, subject to initial and final
displacement and velocity constraints (maneuver constraints).
Khot et al.,5 Khot,12 and Manning and Schmit13 all consider the
problem of integrated structure/control design as a mass min-
imization subject to constraints on the closed-loop system re-
sponse (displacement and/or eigenvalue constraints). Whereas
the control cost can easily be a function of structural parame-
ters through the system matrices, it is usually assumed that the
total mass is not a function of controller parameters. There-
fore, when considering a minimum mass design, it is the inter-
action with the constraints on the closed-loop system that pro-
vides the simultaneous design.

Bodden and Junkins14 seek to minimize the norm of a vec-
tor of output feedback gain matrix elements to "herd" the
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closed-loop eigenvalues into an acceptable region of the com-
plex plane. In this sense, the norm of this vector was taken as
a measure of the control effort. In Ref. 15, Junkins and Rew
extend the ideas presented in Ref. 14 to cases where the con-
troller is designed as a classical LQG regulator. Here, the
elements of the weight matrices in the quadratic performance
index are included in the parameter vector p. In a variant of
this procedure, Lim and Junkins17 instead utilize three mea-
sures of closed-loop stability robustness that could be extrem-
ized. A different approach to the simultaneous synthesis for
vibration suppression was proposed by Hale.19 In that paper
external disturbances are assumed to be unknown but bounded
time-varying processes. The intent of the integrated synthesis
is to maximize the amplitude bound on the unknown distur-
bances while explicitly satisfying input and output constraints.

The current approach is similar in that no explicit relative
weight of structural parameters and control energy is required
in the analysis, but rather the control is viewed as complement-
ing the effect of the structure in reducing deformation. In
Sec. II this approach is developed and a simple example is
presented to illustrate the applicability of the formulation. In
Sec. Ill two alternative solution algorithms will be presented
that have been applied to this problem. Each algorithm han-
dles the optimization strategy and the imposition of the nonlin-
ear constraints in a different manner. Numerical results are
obtained for the ACOSS I (Draper I) flexible structure model
to illustrate the effectiveness of the solution algorithms. Fi-
nally, conclusions and recommendations for continuing work
on this problem are given in Sec. IV.

II. Control/Structure Design Optimization
One of the difficult points of a combined control/structure

design is the development of an appropriate performance in-
dex that reflects an appropriate weighting between control
effort and some measure of structure design. The approach
taken in this analysis is to consider the structure from a
dynamic response point of view. It can be assumed that the
purpose of the structure is primarily to support a load or to
hold various subsystem components (experiments, etc.) to-
gether to a required degree of accuracy in the presence of
1) some initial condition or 2) some form of excitation. The
excitation specification may be either static or dynamic, deter-
ministic or random. To quantify the structure design we gener-
ally need to know the applied loads to ensure that stress or
displacement constraints are met. The effect of the control
system on this design problem is to effect a tradeoff to reduce
the effect of flexibility. As the structure is made lighter and
more flexible, the control system can be used to reduce deflec-
tions and stresses to acceptable levels, or to adjust natural
frequencies and damping ratios. In this section we suggest an
approach to solve several classes of control/structure opti-
mization problems.

A. Structure/Control Optimization
The mathematical approach taken to quantify the control/

structure relationship is to initially regard the controller struc-
ture as fixed and satisfying certain control magnitude con-
straints, which for this analysis will be assumed to be an
integral control energy bound. Similarly, the external force
environment on the structure is known. With this framework
the structure/control design is to find the structural parame-
ters and the control law to minimize a performance index while
satisfying control energy and displacement constraints.

Given a system
x = Fx + Gu + Gww

y=Hx (4)

where we have the conventional definitions of x as the state,
u as the control input, and w as the disturbance. The distur-
bance w is taken as the specified load. For this paper we will
assume that w is Gaussian white noise, w ~N(Q,XW).

For the problem as defined, with the white noise distur-
bance, it will be shown that the solution ultimately results in a
rather standard LQR solution coupled with the structural opti-
mization. Other important problems can be solved by formu-
lating the disturbance differently. For example, a harmonic
disturbance and displacement constraint would lead naturally
to a difficult H^ optimization problem. We consider only the
standard white noise case in this paper. For this system we pose
the following optimization problem.

B. Optimization Problem: Full State Feedback
Minimize the weight J ( p ) with respect to p, where p is an

TV vector of structural design parameters, such as mass, stiff-
ness, area, etc., and find the feedback law

u = -Kx

that minimize J subject to constraints

?/«/] = 0? for / = !,...,/

yd. = Hd.x
for / = l , . . . , / 2 a

(5)

(6)

(7)

Here, «/ is that nu.-order independent partition of u represent-
ing the control forces involved in this constraint, /3/ the maxi-
mum allowable value of the /th expected control effort, Rt an
(nu. x nu.) control force weighting matrix, K the (nuxn) con-
trol gain matrix, a/ the maximum allowable value of the /th
expected output response function, W\ an (nd. xnd.) output
response weighting matrix, yd. the /th design output nd. vector,
and Hd. an (nd. xn) matrix giving the relationship between the
state variables and ydi.

For many optimization problems, the actual controller
hardware is fixed. Using a fixed quadratic weight in an LQR
design will generally lead to large variations in control effort
used for different iterations, and the final control effort used
may not be closely related to the actual capability of the con-
troller. Using the control energy as an isoperimetric constraint
immediately relieves this difficulty by forcing the controller to
utilize all of the available control energy, as indicated by the
fixed control energy constraint (6). Thus, whereas the con-
troller solution (for the white noise case) is still the standard
LQR feedback gain matrix, the weights in the performance
index are adjusted to satisfy the more natural constraints on
control energy and also on output variance.

If the mass of the controller is to be explicitly included in the
design process, the relationship between controller mass and
controller energy must be explicitly stated. Rather than quan-
tify this type of dependency explicitly, we feel a more practical
view is to parameterize solutions as functions of controller
energy /32. It will be shown subsequently how this may be
utilized to find an "optimal" /32 once the controller mass-
energy relationship is stated.

Consider matrices F, G, Gw, and H as functions of the N
structural design variables, pT= {p\,p2,... ,PN}- The opti-
mization problem may then be posed as

minimize J(p,K)

subject to

= (F-GK)x

- 1 = 0

;0

.for 1 = 1,. . . ,

for / =

(8)

(9)

(10)

(11)

For steady-state optimization we may replace the differential
equation constraint (9) by a steady-state covariance equation
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and recast Eqs. (10) and (11) in terms of covariance relation-
ships as

FclX + XFcll

- 1 =0

ZWGW = 0

for i = 1

for / =

where

Fcl=F - GK

X = E[xxT]

(12)

(13)

(14)

(15)

(16)

and where Kj is the (nu. xn) partition of K corresponding to
u i . It is assumed that the « / are independent and that u and K
are partitioned as

(17)

Note the columns of G can be interchanged to ensure this
condition and that Tt

n
iilnu. = nu. To solve this problem, adjoin

constraints (12-14) to (8) with the (nxn) matrix of Lagrange
multipliers A, along with Lagrange multiplier vectors \u and
Ay to get

ft
L XM.l

U Ay,
1=1

-1

(18)

The first-order necessary (Kuhn-Tucker) optimality condi-
tions are from Eq. (18) that, at the optimum point,

^ =0 ^ =0 — =0
dp ' dK dX (19)

along with constraints (12-14).
Equations (12-14) and (19) represent a set of [N + n(nu

+ « + !) + na + n$\ equations involving an equal number of
unknowns (where, since X is symmetric, we can show that A is
symmetric). To evaluate the derivatives in Eq. (19), note that
for a scalar s and matrix K, if we define

dsl = ds
dK]^ dkij (20)

then, for the trace operator, we can derive the derivative for-
mulas

dK
tr(KTRKX) = 2RKX (21)

(22)

where R is also assumed symmetric. Since X and A are sym-
metric, the second of Eqs. (19) becomes

-1

= -2GTAX + 2RKX (23)

where R is an (nu xnu) matrix defined in a block diagonal
sense as

R = diag (24)

Since X is nonsingular, and if \u. ̂ 0 for all /, Eq. (23) re-
duces to

= R-1GTA (25)

When the gradients are taken with respect to the elements
of X, and using the solution for K given earlier, the last of
Eqs. (19) becomes

- AGR-1GTA+ W

where W is the (nxn) matrix defined as

w = E I ̂ 2j£

(26)

(27)

Note that the minimization of Ja with respect to K and X
leads to the Riccati type Eq. (26). In fact, we see that K is
obtained as the steady-state gain matrix and A the steady-state
solution to the associated Riccati equation of the optimal con-
trol problem

min Jc = (28)

The LQR weighting matrices W and R are functions of the
Lagrange multipliers \u and Ay, where these multipliers must
be adjusted to satisfy the constraints Eqs. (6) and (7). How-
ever, not all of these Lagrange multipliers will independently
adjust the constraints, since only the ratio of the quadratic
weights is important in the LQR problem. For example, if
na = np= 1, then Eq. (28) becomes

min/c= (29)

and the gain matrix K will be unchanged if the ratio \u/\
remains constant. The remaining equation that must be satis-
fied is

ITdp

= 0 (30)

Terms of the matrices F, G, Gw, and H may all be functions
of the structural design variables p and need to be evaluated
numerically or analytically so that the derivatives in Eq. (30)
can be evaluated.

Although the LQR property only holds true at the optimum
point, it is computationally convenient to assume that at every
point in the design cycle the control design variables will be
found as the solution to the optimal control problem (28).
Therefore, the optimization problem can be reduced to opti-
mization over just the structural design variables, along with


